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An Analytic Approach to the Modeling of
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Rune Strandberg
Abstract
Analytic expressions for the JV -characteristics of three types of multi-junction configurations are derived. From these,
expressions for the short circuit current, open circuit voltage and voltage at the maximum power point are found for multi-
terminal devices and for series-connected tandem stacks. For voltage-matched devices, expressions for the optimal ratio of the
number of bottom cells to the number of top cells are established. Luminescent coupling is incorporated throughout the article. It
should be highlighted that the maximum power point of a series connected tandem stack is described, with good accuracy for all
interesting band gap combinations, by a single analytic expression. Although the modeling is carried out assuming devices that
operate at the radiative limit, it is suggested that the results may form a framework that can be further developed and adapted to
describe non-ideal devices as well.
Index Terms
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I. INTRODUCTION
The role played by the ideal diode equation in our understanding of single junction solar cells can hardly be overrated.
It reveals how a cell responds to illumination and bias and is the starting point for deriving expressions for central device
characteristics such as power, temperature coefficients, open circuit voltage and short circuit current. Although advanced
numerical device models exist for detailed simulation of single junction solar cells, the diode equation often captures the
essence of the performance of such cells. So far, complete equivalents of the diode equation have not been published for
multi-junction solar cells. Such devices are usually modeled by sets of nonlinear equations that are solved numerically to
calculate various measures of device performance, as in Refs. [1], [2], [3], [4], [5], [6]. Exceptions include the work presented
in Refs. [7], [8], [9]. In the present work, equvivalents of the diode equation are derived for three types of multi-junction solar
cells: multi-terminal devices, series-connected tandem stacks and voltage-matched tandem modules. These results are then used
to establish expressions for device parameters like the short circuit current density, open circuit voltage and maximum power
point for the first two device types whereas expressions for the optimal number of cells in the top and bottom layer are derived
for the latter type. There are two important differences between Ref. [7] and the present work in the part on series-connected
tandem cells: 1) In this work, the JV -characteristic of the entire device is derived, whereas Ref. [7] derives it for the top and
bottom cells separately. 2) In Ref. [7], different expressions must be used to calculate the maximum power point, depending on
the degree of current-mismatch between the top and bottom cells. This work presents a single expression which can be applied
to all useful combinations of band gaps. Another article that develops analytic JV -characteristics of the individual cells in a
series-connected tandem stack is Ref. [8]. There the authors also developed expressions for some device parameters to allow
better interpretation of experimental results. The present work represents a step forward in painting the full picture. In Ref.
[9] the authors developed an analytic model that approximates the efficiency limits of series-connected multi-junction devices.
That model can be used to analyze stacks with several cells, whereas the present work only treats two series connected cells.
The work in Ref. [9] is based on approximations that makes it less accurate than the present model, however, and the former
can only be applied to certain combinations of band gaps, i.e. band gaps which assures that the generation currents throughout
the stack are equal.
The next few paragraphs give an introduction to the diode equation. Readers who are well acquainted with this may resume
reading after Eq. (7). The classic diode equation can be derived from device physics, thermodynamics or from a detailed balance
perspective [10], [11], [12]. In the latter approach, the recombination current density for a cell emitting to a hemisphere, which
is given by [13]
JR = q
2pi
h3c2
∫ ∞
Eg
E2
e
E−qV
kT − 1
dE, (1)
is approximated as
JR ≈ J0 eqV/kT (2)
with
J0 = q
2pi
h3c2
∫ ∞
Eg
E2 e
−E
kT dE. (3)
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1In the expressions above, q is the elementary charge, h is Planck’s constant, c is the speed of light in vacuum, k is Boltzmann’s
constant, T is the device temperature, E is the energy of the photons emitted by the cell, Eg is the band gap of the cell material
and V is the cell voltage. The integrals are taken over the photon energies that the cell is allowed to emit to the surroundings.
This gives the current density delivered by the cell as a function of its voltage as
J = JG − J0 e
qV
kT , (4)
where JG is the generation current density experienced by the cell. In the radiative limit, JG is calculated from the flux of
incoming photons in the energy interval where the cell is absorbing. Whenever J0 is much smaller than JG, a condition met
by any useful solar cell, the short circuit current density Jsc is practically equal to JG. From (4) one can derive the expression
Voc =
kT
q
ln
(
JG
J0
)
(5)
for the open circuit voltage after equating the JV -characteristic to zero. While finding the open circuit voltage from (4)
is straightforward and has been described in literature for decades, the corresponding expression for the voltage giving the
maximum power density is a rather recent finding as it was published by Sergeev and Sablon in 2018 [14]. The power density
of the cell as a function of the voltage is found by multiplying (4) by V . The maximum power point can then be found by
determining the peak of the resulting PV -characteristic. Using the Lambert W function, the voltage at the maximum power
point is given by
Vmpp =
kT
q
[
W
(
JG
J0
e
)
− 1
]
, (6)
which gives the maximum power density
Pmpp =
kT
q
JG
W(JG
J0
e
)
+
1
W
(
JG
J0
e
) − 2
 . (7)
The parameter e is the base of the natural logarithm, i.e. exp(1). Using (7) reproduces the 40.8 % efficiency limit for single
junction cells illuminated by light from a 6000 K black body which follows from the work of Shockley and Queisser [15].
This is slightly larger than the 40.74 % limit found when using Eq. (1) for the recombination current density [5]. The error
involved in using Eq. (2) gets smaller, and eventually becomes insignificant, with decreasing light intensity.
In the first of the following sections, expressions equivalent to Eqs. (4), (5), (6) and (7), are derived for multi-terminal multi-
junction devices. Series-connected tandem stacks are treated in section III. This is the most extensive, and to the author’s opinion
most important, part of the article. Finally, in section IV, the JV -characteristic of voltage-matched devices is investigated and
the optimal ratio of the number of top cells to the number of bottom cells is determined. Luminescent coupling is incorporated
in all three sections.
When modeling multi-junction devices, it is possible to incorporate non-radiative recombination, interface reflection or
reduced emissivity/absorptivity into the model as in Ref. [7]. The increased complexity in doing so can easily reduce the
clarity of the present work. Therefore, a constant refractive index is assumed for the entire devices throughout this article. It is
also assumed that the recombination is purely radiative, that the devices have spectral absorptivities of either 0 or 1, and that
there is no reflection in the systems other than unavoidable total internal reflection and full reflection from the backside/bottom
of the stack. The models to be presented may be refined and adapted to include more details when applied to particular cases
in future work.
II. MULTI-TERMINAL MULTI-JUNCTION DEVICES
To differentiate the parameters of different cells in a multi-junction stack, indices are used, with the top cell having the index
1. The generation current of cell i is then denoted JG,i and calculated from the photon flux in the energy interval from the
band gap energy of cell i to the energy gap of cell i− 1, except for the top cell which receives all photons above the top cell
band gap. The recombination parameter J0,i of cell i is calculated from (3) with the lower integration limit set to the band gap
energy of cell i and the upper limit set to infinity, if i = 1, or to the band gap energy of cell i− 1 otherwise. The maximum
power of multi-junction devices with individually operated cells and no radiative coupling can now easily be calculated by
applying Eq. (7) to each cell and summing the contribution from each of them. When radiative coupling is taking place, the
cells exchange photons with each other and cannot be treated individually. Instead, a set of equations must be solved to find
the maximum power point of each cell. The amount of radiation transferred from one cell to the neighboring cells depends on
the design and material properties of the device. With a constant refractive index nr throughout the stack, the contribution to
the JV -characteristic of cells i and i+ 1 associated with the luminescence radiated from cell i to cell i+ 1 can be expressed
as
n2r
i∑
j=1
J0,je
qVi
kT , (8)
2where Vi is the voltage of cell i. The luminescence emitted from cell i + 1 to cell i is given by the same expression, but
with the voltage Vi+1 of cell i + 1 replacing Vi. Due to the exponential function appearing in Eq. (3), terms with j 6= i are
negligible if the difference between the band gaps is larger than a few times kT . For band gaps larger than 0.6 eV and a device
temperature of 300 K, the error introduced by neglecting all terms with j < i is smaller than 1 % if the difference between
the band gaps is at least 5kT . To achieve the highest efficiency, the difference between the band gaps of neighboring cells in
stacks with up to 8 cells should be larger than this [5]. Consequently, terms with j 6= i in (8) are neglected in the following.
Figure 1 shows the different paths of photon transport in a multi-terminal stack. The arrows representing photons exchanged
between cells or photons emitted to the surroundings are marked with the pre-exponential factors that is associated with the
respective processes. For a cell which is not the top or bottom cell, the JV -characteristic becomes
Ji = JG,i −
[(
1 + n2r
)
J0,i + n
2
rJ0,i−1
]
e
qVi
kT + n2rJ0,i−1e
qVi−1
kT + n2rJ0,ie
qVi+1
kT . (9)
This expression for the current density consists of four parts. The first part is simply the generation current associated with
the absorption of external photons. The second part includes luminescence emitted by cell i to the surroundings as well as to
its two neighboring cells. The third term takes into account luminescence emitted to cell i from the cell above, and the last
term accounts for luminescence from the cell below. The top and bottom cells will have JV -characteristics similar to (9), but
terms associated with transfer of photons to cells above the top cell or below the bottom cell will be zero.
The purpose of a multi-junction stack is to extract electrons excited by high-energy photons at a higher voltage than electrons
excited by photons with lower energy. For stacks with a limited number of cells, the difference in voltage between neighboring
cells should be at least a few times kT/q, reflecting the difference in band gaps. When this is the case, the number of photons
emitted from cell i+ 1 to cell i will be negligible compared to the number of photons reaching cell i from other sources. The
current density of a cell which is not the top cell, now becomes
Ji = JG,i −
(
1 + n2r
)
J0,ie
qVi
kT + n2rJ0,i−1e
qVi−1
kT , (10)
where the second part has also been simplified because J0,i is typically much larger than J0,i−1 as argued above. Since the
current density is now independent of the voltage of the cell below, the performance of the stack can be calculated cell by
cell, starting from the top of the stack.
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Fig. 1. Sketch illustrating the various routes of photon transport to, from and within a multi-terminal stack with N cells. External illumination reaches
each cell which is illustrated by the arrows marked with JG,i. The remaining arrows illustrate photons emitted to the surroundings as well as luminescence
transferred from one cell to another. These arrows are marked by the pre-exponential factors of the respective processes.
Using the result of Sergeev and Sablon [14], the optimal voltage for the top cell then becomes
Vmpp,1 =
kT
q
[W (Z1)− 1] , (11)
where
Z1 =
JG,1
(1 + n2r )J0,1
e. (12)
This gives the maximum power density
P1 =
kT
q
JG,1
[
W (Z1) +
1
W (Z1)
− 2
]
, (13)
3For the second cell in the stack, assuming this is not the bottom cell, following the same procedure and taking into account
luminescence from the top cell gives
P2 =
kT
q
(
JG,2 + n
2
rJ0,1e
qV1
kT
)[
W (Z2) +
1
W (Z2)
− 2
]
, (14)
where
Z2 =
JG,2 + n
2
rJ0,1e
qV1
kT
(1 + n2r )J0,2
e. (15)
More general, in a stack with N cells the optimal voltage for cell i is given by
Vmpp,i =
kT
q
[W (Zi)− 1] . (16)
For 1 < i < N
Zi =
JG,i + n
2
rJ0,i−1e
qVi−1
kT
(1 + n2r )J0,i
e, (17)
and for the bottom cell
ZN =
JG,N + n
2
rJ0,N−1e
qVN−1
kT
J0,N
e. (18)
The maximum power density for cell i where i > 1 is now given by
Pi =
kT
q
(
JG,i + n
2
rJ0,i−1e
qVi−1
kT
)[
W (Zi) +
1
W (Zi)
− 2
]
. (19)
The total power density of the entire stack is finally found by summing the contribution from all cells.
If all the cells in the stack are at their respective maximum power points, we have
n2rJ0,i−1e
qVi−1
kT =
i−1∑
j=1
(
n2r
1+n2r
)i−j
∏i−j
k=j W(Zk)
JG,j , (20)
which can be verified by substituting for Vi−1 in Eq. (17) using Eqs. (12) and (16) as well as (17) itself.
Starting with the current density (9), it is also possible to establish expressions for the open circuit voltage and short circuit
current density. Realizing that JG,i is much larger than any of the parameters J0,j for any meaningful combination of band
gaps, the short circuit current density of cell i is simply
Ji,sc = JG,i + n
2
rJi−1,ie
qVi−1
kT + n2rJi+1,ie
qVi+1
kT (21)
where any term with i− 1 = 0 or i+ 1 = N + 1 are zero. If both neighboring cells are also operating at short circuit the two
last terms disappear and the short circuit current is simply equal to the generation current of the cell in question.
The open circuit voltage of cell i is found by setting Ji = 0 and solving for Vi. By neglecting luminescence from the cell
below it becomes
V1,oc =
kT
q
ln
(
JG,1
(1 + n2r ) J0,1
)
(22)
for the top cell,
Vi,oc =
kT
q
ln
(
JG,i + n
2
rJ0,i−1e
qVi−1,
kT
(1 + n2r ) J0,i
)
(23)
for any cell not at the very top or bottom of the stack, and
VN,oc =
kT
q
ln
(
JG,N + n
2
rJ0,N−1e
qVN−1
kT
J0,N
)
. (24)
for the bottom cell. If all cells in the stack are at open circuit, Eq. (23) can be rewritten as
Vi,oc =
kT
q
ln

∑i
j=1
(
n2r
1+n2r
)i−j
JG,j
(1 + n2r ) J0,i
 (25)
which is also valid for the top cell. The expression for the bottom cell would be similar, but the refractive index does not
appear in the denominator of the argument of the logarithm.
4III. SERIES-CONNECTED TANDEM STACKS
In a series-connected tandem stack, two cells are placed on top of each other and the current is extracted from two terminals,
one connected to each cell, as sketched in Fig. 2. The series-connection subjects the device to the constraint J1 = J2 ≡ J . The
voltages of the cells cannot be selected independently, but will take values that assures the fulfillment of this constraint. The
sum of the voltages set up by the two cells equals the voltage V between the two terminals, i.e. V1 + V2 = V . The relation
between the current density and cell voltage for the individual cells in the stack bear resemblance to those of the cells in a
multi-terminal stack. Analogous to Eq. (9), the current densities
J1 = JG,1 −
(
1 + n2r
)
J0,1e
qV1
kT + n2rJ0,1e
qV2
kT , (26)
for the top cell, and
J2 = JG,2 −
(
J0,2 + n
2
rJ0,1
)
e
qV2
kT + n2rJ0,1e
qV1
kT , (27)
for the bottom cell, can be established. Note that the validity of these expressions do not depend on any assumptions about
the difference between the band gaps of the two cells. To find the JV -characteristic for the tandem stack the current density
has to be expressed as a function of V rather than V1 and V2. Before proceeding with that derivation, it is useful to define a
few new parameters. As will become clear later, the parameters
T1→2 =
n2r
1 + 2n2r
(28)
and
T2→1 =
n2rJ0,1
J0,2 + 2n2rJ0,1
(29)
are transfer coefficients which describes the degree of radiative coupling between the two cells. To shorten expressions that
appear in the following, the two linear combinations
T+ = T1→2 + T2→1 (30)
and
T− = T1→2 − T2→1 (31)
of the transfer coefficients come in handy. Finally, defining the parameter
J˜20 =
(
1 + 2n2r
) (
J0,2 + 2n
2
rJ0,1
)
J0,1 (32)
is also convenient.
JG,1 JG,2
J0,2
J0,1
nr
2J0,1
nr
2J0,1
V
Top cell
Bottom cell
V1
V2
Fig. 2. Sketch illustrating the various routes of photon transport within a series-connected tandem stack. External illumination reaches each cell which is
illustrated by the arrows marked with JG,1 and JG,1. The remaining arrows illustrate photons emitted to the surroundings as well as luminescence transferred
between the cells. These arrows are marked by the pre-exponential factors of the respective processes.
Defining
∆JG = JG,1 − JG,2
and applying J1 = J2, gives
∆JG =
(
1 + 2n2r
)
J0,1e
qV1
kT − (J0,2 + 2n2rJ0,1) e qV2kT . (33)
Using this result in combination with Eqs. (26) and (27), gives the JV -characteristics of the top and bottom cells, as a function
of the respective cell voltages only, as
J1 = JG,1 − T1→2∆J −
(
1− T+) (1 + 2n2r) J0,1e qV1kT (34)
5and
J2 = JG,2 + T2→1∆J −
(
1− T+) (J0,2 + 2n2rJ0,1) e qV2kT . (35)
To proceed towards the JV -characteristic of the tandem stack, either V1 or V2 can be eliminated from Eq. (33) by multiplying
that equation by exp (qV2/(kT )) or exp (qV1/(kT )), respectively, before using V = V1 + V2. The resulting expressions are
second order equations of either exp (qV2/(kT )) or exp (qV1/(kT )), with the solutions
e
qV1
kT =
1
2∆JG +
√
1
4∆J
2
G + J˜
2
0 e
qV
kT
(1 + 2n2r ) J0,1
(36)
and
e
qV2
kT =
− 12∆JG +
√
1
4∆J
2
G + J˜
2
0 e
qV
kT
(J0,2 + 2n2rJ0,1)
. (37)
Inserting (36) and (37) into either (26) or (27) now gives the JV -characteristic of the stack as
J = 12 (JG,1 + JG,2) +
1
2T
−∆JG −
(
1− T+)√ 14∆J2G + J˜20 e qVkT . (38)
If there is no radiative coupling between the two cells, the expression for the current is given by the simpler
J = 12 (JG,1 + JG,2)−
√
1
4∆J
2
G + J0,1J0,2e
qV
kT . (39)
The first part of this simpler JV -characteristic is a pure generation term, whereas the square root envelops a recombination
term, containing the voltage, and a penalty term in case of a mismatch between the generation current densities of the two cells.
Readers familiar with the JV -characteristic of intermediate band solar cells (IBSCs) [16] will recognize (39) as a simpler form
of the JV-characteristic found for said concept. In Ref. [17], Wilkins et al. found that such a simple analytic JV -characteristic
captured the essence of the behavior of IBSCs predicted by a far more comprehensive numerical device model. This gives
reason to believe that modified versions of Eqs. (38) and (39) may capture the essence of the behavior of non-ideal series-
connected tandem cells if appropriate values are assigned to its parameters. It also worth pointing out that the radiative coupling
in a tandem stack has much of the same impact on the form of the JV -characteristic as overlapping absorption coefficients
have on the JV -characteristic of intermediate band solar cells [18].
A. Short circuit current density
From Eq. (38) it is straightforward to derive expressions for the short circuit current density. For any useful configurations
of band gaps, J˜0 will be orders of magnitude smaller than JG,1 and JG,2. The term containing J˜0 can therefore be neglected
when the voltage is set to zero. The remaining terms give
Jsc =
1
2
[(
1 + T−
)
JG,1 +
(
1− T−) JG,2 − (1− T+) |∆JG|] . (40)
If JG1 > JG2, Jsc may be written
Jsc = JG,2 + T1→2∆JG, (41)
whereas if JG1 < JG2, it is given by
Jsc = JG,1 − T2→1∆JG. (42)
From these last two expressions for Jsc, the interpretation of the transfer coefficients becomes clear. They quantify the fraction
of the current density-mismatch ∆J which is transferred to the cell that acts as a bottleneck at short circuit. T1→2 takes the
value 1/3 if the refractive index equals 1. In this case one third of the current-mismatch is transferred from the top cell to
the bottom cell. Another third is emitted from the top cell to the surroundings while the last third is kept in the top cell to
maintain the current-matching. Since the radiative coupling increases with the refractive index, so does the value of T1→2 up
to a hypothetical maximum of 1/2 for an infinitely large refractive index. Normally, J0,1 is orders of magnitude smaller than
J0,2. The value of T2→1 will thus be negligible in most cases. For realistic values of the refractive index, exceptions to this
will only be found in cases where the difference between the two band gaps is small. As the two band gaps approach each
other, T2→1 will also approach a maximum value of 1/2 since J0,2 will then approach zero.
6B. Open circuit voltage
An expression for the open circuit voltage of the stack is most easily found by summing the open circuit voltages of the
two cells found from Eqs. (34) and (35). This gives
Voc =
kT
q
ln
[
(JG1 − T2→1∆JG) (JG2 + T1→2∆JG)
(1− T+)2 J˜20
]
. (43)
It is worth pointing out that the open circuit voltage does not depend on ∆J when there is no radiative coupling. Since no
current is flowing through the stack, the cells can set up their individual open circuit voltages regardless of the current-matching.
When radiative coupling is taking place it is satisfying that the numerator in Eq. (43) suggests that the generation current in
the bottom cell is enhanced by some photons transferred from the top cell when ∆JG is positive. It may appear peculiar,
however, that the bottom cell seems to lose a considerable fraction of its generation current when ∆JG is negative. This is
seemingly inconsistent with the fact that transfer of photons from the bottom cell to the top cell should be small in most cases.
The explanation for this apparent contradiction is found in the factor 1 − T+ in the denominator, which can be seen after a
couple of further approximations. When J0,1 << J0,2, 1 − T+ can be approximated by (1 + n2r )/(1 + 2n2r ). For the same
conditions, we also have
(
1− T+)2 J˜20 ≈ (1 + n2r)21 + 2n2r J0,1J0,2. (44)
Inserting this approximation into Eq. (43) while approximating T2→1 to zero allows us to write the open circuit voltage as
Voc ≈ kT
q
ln
JG1
(
JG2 +
n2r
1+n2r
JG1
)
(1 + n2r ) J0,1J0,2
 . (45)
This is a satisfying result because it is now clear that the generation current of the bottom cell is enhanced by photons
transferred from the top cell regardless of the polarity of ∆JG. In the denominator, the enhanced recombination in the top
cell, due to the radiative coupling, is taken into account by the factor 1 + n2r .
Using the same approximations also allows the open circuit voltages of the individual cells to be simplified. We get
Voc,1 =
kT
q
ln
[
JG1 − T2→1∆JG
(1− T+) (1 + 2n2r ) J0,1
]
≈ kT
q
ln
[
JG1
(1 + n2r ) J0,1
]
, (46)
for the top cell, and
Voc,2 =
kT
q
ln
[
JG2 + T1→2∆JG
(1− T+) (J0,2 + 2n2rJ0,1)
]
≈ kT
q
ln

(
JG2 +
n2r
1+n2r
JG1
)
J0,2
 , (47)
for the bottom cell. The latter approximation is equivalent to Eq. (12a) in Ref. [8]. It is claimed in Ref. [8] that the open circuit
voltage of the top cell is not affected by the luminescent coupling. This is not strictly correct, since the value of the denominator
in Eq. 46 depends on the presence or absence of such coupling. Comparing (46) and (47) to (22) and (24) shows that the open
circuit voltages of the two individual cells in a series-connected tandem stack is equal to those of the corresponding cells in a
four-terminal stack of two independently operated cells. Since no current is flowing through the cell as open circuit, the open
circuit voltage does not depend on the wiring of the cells.
C. Maximum power point
Following the procedure of Ref. [14] allows an exact expression for the maximum power point to be derived if the two cells
in the stack are current-matched. In this case, the power density delivered by the tandem stack is given by
P = 12V (JG,1 + JG,2)−
(
1− T+) J˜0V e qV2kT . (48)
Differentiating (48) with respect to V , equaling the result to zero and reorganizing yields(
1 +
qVmpp
2kT
)
e
qVmpp
2kT +1 = e
√
JG1JG2
(1− T+)2 J˜20
, (49)
which has the solution
Vmpp =
2kT
q
[
W
(
e
√
JG1JG2
(1− T+)2 J˜20
)
− 1
]
. (50)
7It has been used that 12 (JG1 + JG2) =
√
JG1JG2 when ∆JG = 0. Multiplying Eq. (38) by the voltage of the stack and
inserting (50) gives the power density
Pmpp =
kT
q
(JG1 + JG2)
[
W
(√
Z˜1Z˜2
)
+ W
(√
Z˜1Z˜2
)−1
− 2
]
(51)
for a current-matched stack. Z˜1 and Z˜2 are defined as
Z˜1 = e
JG,1 − T2→1∆JG
(1− T+) (1 + 2n2r ) J0,1
(52)
and
Z˜2 = e
JG,2 + T1→2∆JG
(1− T+) (J0,2 + 2n2rJ0,1)
. (53)
It should be noted that
√
Z˜1Z˜2 = exp (qVoc/2kT + 1), which relates the maximum power point to the open circuit voltage .
Eq. (50) complements the work of Pusch et al. [7] where expressions for the maximum power point was found for current-
mismatched stacks. By combining the results for the maximum power point of current-matched and current-mismatched stacks,
it is possible to construct a single approximate expression for the Vmpp which gives the maximum power density with good
accuracy for a wide range of band gap combinations, including all combinations that may yield high efficiency under the
AM1.5G spectrum. As a measure of the error in the calculation of the maximum power P , the logarithm of the relative error,
log10(|PDB − P |/PDB), where PDB is the power density calculated by a numerical detailed balance model, will be used.
Calculating the maximum power density using the approximation
qVmpp
kT
+ 1 ≈W
 eJ2sc
(1− T+)2J˜20
(1− T+) |∆JG|
Jsc
+
2
W
(
e
qVoc
2kT +1
)
 (54)
leads to the error shown in Fig. 3 when nr is set to zero, that is, when radiative coupling is not present. The largest logarithm
of the relative error shown in the figure equals -3.39, which corresponds to a deviation of 0.04 % from the detailed balance
power density. An explanation of how to arrive at this approximation for Vmpp, as well as some more material on the accuracy
of this and other expressions for the maximum power point, is included as an appendix.
Fig. 3. The logarithm of the relative error of the maximum power density for stacks without luminescent coupling calculated using Eq. (54.) The AM1.5G
spectrum has been used. The largest value of -3.39 is found for a device with band gaps of 0.35 and 1.34 eV.
IV. VOLTAGE-MATCHED DEVICES
Layers of top and bottom cells can be voltage matched by using different string lengths in the top and bottom layers [19],
[20]. In the case of area de-coupling, a layer of m series-connected top cells is connected in parallel with a layer of n series-
connected bottom cells. One cell in the top layer has an area A1 while one cell in the bottom layer has an area A2. The two
layers cover the same total area A and the spacing between the cells within each layer is assumed to be negligible so that
mA1 = nA2. Since m < n due to the higher voltage set up by the individual top cells, A1 must be larger than A2. When
calculating the current density of an area de-coupled device the total area A is used as reference area. It is assumed that the
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Fig. 4. A sketch of the routes of photon transport to, from and within an area de-coupled tandem device. Since the cells in each layer are equal and operate
at the same voltage any cell will receive a flux of luminescent photons which is equal to what they would receive if the neighboring layer consisted of a
single cell. The arrows indicating fluxes of incoming photons are marked by their contribution to the JV -characteristic of the device. The remaining arrows
are marked by the pre-exponential factors associated with the respective processes in this JV -characteristic.
two layers of cells are separated by a transparent material with a refractive index equal to that of the cells. Figure 4 shows a
sketch of the routes of photon transport within an area de-coupled device. A top cell will receive photons from more than one
bottom cell, but since all bottom cells are equal and operate at the same voltage, the top cells will receive a flux of luminescent
photons which is independent of the division of the cells in the bottom layer. Correspondingly, the luminescent flux of photons
received by the bottom cells is independent of the division of cells in the top layer. The JV -characteristic of the top layer will
therefore be
J1 =
JG1A1
A
−
(
1 + n2r
)
J0,1A1
A
e
qV
mkT +
n2rJ0,1A1
A
e
qV
nkT =
JG1
m
−
(
1 + n2r
)
J0,1
m
e
qV
mkT +
n2rJ0,1
m
e
qV
nkT , (55)
where V is the voltage set up by the entire device such that each individual cell in the top layer set up the voltage V/m
and each cell in the bottom layer set up a voltage V/n. The first term in Eq. (55) is the generation current density associated
with external photons, the second term is the recombination current density and the last term takes into account the generation
current density associated with luminescence from the bottom layer. Correspondingly, the JV -characteristic of the bottom layer
is given by
J2 =
JG2
n
− J0,2 + n
2
rJ0,1
n
e
qV
nkT +
n2rJ0,1
n
e
qV
mkT . (56)
The total current delivered by the area de-coupled tandem module is the sum of the currents from the two layers, i.e.
J = J1 + J2 =
JG1
m
+
JG2
n
− J0,1
[
1
m
+ n2r
(
1
m
− 1
n
)]
e
qV
mkT −
[
J0,2
n
+ n2rJ0,1
(
1
n
− 1
m
)]
e
qV
nkT . (57)
As argued in section II, the luminescence from the bottom cell to the top cell is usually negligible. Applying this
approximation to Eq. (55) allows the expression
V1,mpp =
mkT
q
(
W
[
JG1
(1 + n2r ) J0,1
e
]
− 1
)
(58)
to be established for the maximum power point of the top layer. This is m times the voltage at the maximum power point for
a stack of individually operated cells from Eq. (11). Similarly, the voltage at the maximum power point for the bottom layer
is n times the voltage given by Eqs. (16) and (18) with N = 2. In an optimally designed device, the maximum power points
of the two layers are equal. The optimal ratio of the number of top cells to the number of bottom cells is therefore
m
n
=
W
[
JG2+
n2r
1+n2r
JG1
W(Z1)
J0,2
e
]
− 1
W
[
JG1
(1+n2r )J0,1)
e
]
− 1
, (59)
where Z1 is given by (12). When luminescent coupling is not occurring, the optimal ratio of m to n simplifies considerably to
m
n
=
W
(
JG,2
J0,2
e
)
− 1
W
(
JG,1
J0,1
e
)
− 1
. (60)
A similar approach may be followed to find the optimal number of cells in additional layers.
9V. CONCLUDING REMARKS
A number of JV -characteristics and expressions for key device parameters were derived for a variety of multi-junction
concepts. The derivation is carried out assuming fully absorbing cells which operate at the radiative limit. The only
simplifications or additional assumptions introduced to derive the JV -characteristic (38) of a series-connected tandem stack is
using the Boltzmann approximation. To derive the expressions for the cell parameters of the multi-terminal stacks, as well as
the optimal number of cells in voltage-matched configurations, it was necessary to assume that the luminescence emitted from
one cell to another cell with a larger band gap is negligible. This assumption is valid for the most interesting combinations of
band gaps provided that the number of cells is not very large.
The results have the potential to be used as a framework to introduce non-ideal processes like non-radiative recombination,
for example by introducing the external luminescence extraction efficiency as in Ref. [7]. Other design features that may be
incorporated to expanded models includes thinning of the top cell for better current matching as described by Kurtz et al [21]
or the addition of layers with a low refractive index between cells to curtail the luminescent coupling, as suggested by Sheng
et al. [22].
APPENDIX
This appendix explores the maximum power point of a series-connected tandem cell. Several expressions are derived or
constructed, and their accuracy is investigated. The latter is quantified by the logarithm of the relative error, as explained in
Sec. III-C, and plotted in Figs. 5 and 6. The examples shown in these figures are calculated with a refractive index of 2.5 and
a bottom cell band gap of 1.1 eV. The AM1.5G spectrum is used.
The first step in exploring the maximum power point of a tandem stack is to rewrite Eq. (50). Using the identities
2W (x) = W
(
2x2
W (x)
)
, (61)
W (x) + W (y) = W
(
xy
(
1
W (x)
+
1
W (y)
))
(62)
and
W
(−e−1) = −1, (63)
allows Eq. (50) to be expressed as
qVmpp
kT
+ 1 = W
e−1Z˜1Z˜2
 2
W
(√
Z˜1Z˜2
) − 1
W
(√
Z˜1Z˜2
)2

 . (64)
This result will be used later.
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Fig. 5. The logarithm of the relative error of the maximum power density for stacks with a refractive index of 2.5 calculated using a variety of expressions.
The band gap of the bottom cell is set to 1.1 eV and the AM1.5G spectrum has been used to calculate the generation current densities. ∆JG = 0 for
E1 = 1.71 eV.
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Pusch et al. [7] utilized the fact that the cell receiving the largest photon flux will have a steep JV -characteristic around
the maximum power point of the stack, as long as ∆JG is not too small. For ∆JG > 0, V1 can then be treated as a constant
while finding the optimal value of V2 and vice versa. They arrived at an expression1 equivalent to
qVmpp
kT
+ 1 = W
[
Z˜2e
qV1
kT
]
, (65)
if ∆JG > 0, and
qVmpp
kT
+ 1 = W
[
Z˜1e
qV2
kT
]
, (66)
if ∆JG < 0, for the maximum power point of the stack. If |∆JG| is large they suggested inserting the respective open circuit
voltages for V1 and V2, which gives
qVmpp
kT
+ 1 = W
[
e−1Z˜1Z˜2
]
, (67)
regardless of the polarity of ∆JG. Although this gives a fair estimate of the maximum power for many combinations of band
gaps, the relative error is rather large, as shown in Fig. 5, particularly when |∆JG| is small. One possible improvement is to
insert the short circuit voltage of the cell receiving the largest photon flux into (65) or (65). This gives
qVmpp
kT
+ 1 = W
[
e−1Z˜1Z˜2
(1− T+) ∆JG
JG1 − T2→1∆JG
]
, (68)
when ∆JG is positive, and
qVmpp
kT
+ 1 = W
[
e−1Z˜1Z˜2
(T+ − 1) ∆JG
JG2 + T1→2∆JG
]
, (69)
when ∆JG is negative. Using the short circuit voltage instead of the open circuit voltage reduces the error significantly for
most combinations of band gaps, but it is still rather large when |∆JG| is small, as shown in Fig. 5. Another option which
was suggested in Ref. [7] is to find the individual maximum power point of the cell receiving the smallest photon flux and
using the corresponding current to determine the voltage of the other cell. This gives
qVmpp
kT
+ 1 = W
e−1Z˜1Z˜2 JG2 + T1→2∆JG
JG1 − T2→1∆JG
 (1− T+) ∆JG
JG2 + T1→2∆JG
+
1
W
(
Z˜2
)
 , (70)
if ∆JG is positive, and
qVmpp
kT
+ 1 = W
e−1Z˜1Z˜2 JG1 − T2→1∆JG
JG2 + T1→2∆JG
 (T+ − 1) ∆JG
JG1 − T2→1∆JG +
1
W
(
Z˜1
)
 , (71)
if ∆JG is negative. The logarithm of the relative error of these approximations are shown in Fig. 6.
In addition to Eq. (50), which is exact for ∆JG = 0, it is possible to find an exact solution for the maximum power point
for another special case. That is when the two cells deliver the same current density at their individual maximum power points.
The Vmpp is then the sum of the optimal voltages of the two individual cells, which gives
Vmpp =
kT
q
(
W
(
Z˜1
)
+ W
(
Z˜2
)
− 2
)
. (72)
Using the identities (62) and (63) allows Eq. (72) to be rewritten as
qVmpp
kT
+ 1 = W
e−1Z˜1Z˜2
 1
W
(
Z˜1
) + 1
W
(
Z˜2
) − 1
W
(
Z˜1
)
W
(
Z˜2
)
 . (73)
For this special case we also have
∆JG
(
1− T+) = JG,1 − T1→2∆JG
W(Z˜1)
− JG2 + T2→1∆JG
W(Z˜2)
, (74)
which is found by equating J1 to J2 at Vmpp. This can be used to substitute for either Z˜1 or Z˜2 in (73), which gives
qVmpp
kT
+ 1 = W
[
e−1Z˜1Z˜2
JG2 + T1→2∆JG
JG1 − T2→1∆JG
(
(1− T+) ∆JG
JG2 + T1→2∆JG
+
2
W(Z˜2)
− 1
W(Z˜2)2
)]
(75)
1Eq. (10) in Ref. [7].
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Fig. 6. The logarithm of the relative error of the maximum power density for stacks with a refractive index of 2.5 calculated using Eqs. (70), (71), (75) and
(76). The band gap of the bottom cell is set to 1.1 eV and the AM1.5G spectrum has been used to calculate the generation current densities. ∆JG = 0 for
E1 = 1.71 eV.
and
qVmpp
kT
+ 1 = W
[
e−1Z˜1Z˜2
JG1 − T2→1∆JG
JG2 + T1→2∆JG
(
(T+ − 1) ∆JG
JG1 − T2→1∆JG +
2
W(Z˜1)
− 1
W(Z˜1)2
)]
, (76)
respectively. The logarithm of the relative error of the maximum power density calculated using Eqs. (75) and (76) are also
plotted in Fig. 6. It is seen that a combination of (70), for positive ∆JG, and (76), for negative ∆JG, gives the smallest
maximum error across the various top cell band gaps. This combination has therefore been plotted in Fig. 5 to be compared
with the error of other expressions. In Ref. [7], further expressions were suggested to get good accuracy for small values of
|∆JG|, but these are not explored further here.
The similarities between Eqs. (64), (70) and (76) motivates the construction of Eq. (54). One important advantage of Eq.
(54) is that this single expression gives a small error for all the band gap combinations examined in Figs. 3, regardless of the
value of ∆JG. As is seen from Fig. 5, Eq. (54) also has a smaller maximum relative error than any of the other expressions
presented above. One weakness of (64) is that it is not the most accurate expression for larger values of |∆JG|.
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From (38)
Fig. 7. The Vmpp calculated for the AM1.5G spectrum with a bottom cell band gap of 1.1 eV as a function of the top cell band gap. ∆JG is zero for a top
cell band gap of 1.71 eV. The dashed line is the Vmpp found numerically from the JV -characteristic (38).
It is possible to improve (54) by subtracting a term containing W
(√
Z˜1Z˜2
)−2
, but this only gives a slight reduction in
the maximum error. Another way of improving (54) is motivated by the plot of the Vmpp in Fig. 7. Here it can be seen that
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the value of the Vmpp calculated by (54) changes too fast as |∆JG| grows from zero. This motivates a damping of the term
containing ∆JG. At the expense of increased complexity, the expression
qVmpp
kT
+ 1 ≈W
 J2sce
(1− T+)2J˜20
(1− T+) |∆JG|
Jsc
e
−Jsc
40(1−T+)|∆JG| +
2
W
(√
Z˜1Z˜2
)
 (77)
gives the Vmpp with only a very small error. The factor of 40 is fitted to minimize the error for the band gap combinations in
Fig. 5. The logarithm of the relative error using this last expression is included in Figs. 5 and explored further in 8. The latter
figure shows a map equivalent to that in Fig. 3. The largest error in the map is -4.15, which corresponds to 7 · 10−3 %.
Fig. 8. The logarithm of the relative error of the maximum power density for stacks without luminescent coupling calculated using Eq. (77.) The AM1.5G
spectrum has been used. The largest value of -4.15 is found for a device with band gaps of 0.35 and 1.29 eV.
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